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Although a group is an abstract mathematical entity, it’s easier to explain

group operations if we have in mind a specific representation. The set of
permutations of n objects constitute a group Sn. We can see that Sn satisfies
the group axioms as follows:

(1) For any two permutations si and sj , their product sisj is also in
the group. This must be true since applying two permutations just
rearranges the objects and, by definition, Sn contains all possible
arrangements of the objects.

(2) The identity I is the ’permutation’ in which nothing is changed.
(3) The inverse of an element si is just the same permutation but in

reverse order. That is, we can always undo any rearrangement by
reversing our steps.

(4) Permutations are associative, since they are applied one at a time.
Thus (sisj)sk and si (sjsk) are both the same as sisjsk.

CYCLES

A cycle is a permutation in which a sequence of operations is performed
in order. For example, in S4, we might move item 1 to position 2, item 2
to position 3 and item 3 to position 1, leaving item 4 alone. This is written
(123), where the notation means that we take the first number and move it
to the the second number, then move the second number to the third, and
finally move the third back to the first. A cycle consisting of k elements is
called a k-cycle.

A 2-cycle is the simplest non-trivial cycle, in which two elements are
swapped, as (13) which means we swap the locations of elements 1 and 3.
A 2-cycle is called a transposition. Since swapping the same two elements
twice just puts them back in their original positions, A transposition is its
own inverse.
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DECOMPOSING A CYCLE INTO TRANSPOSITIONS

Any cycle can be performed as a sequence of transpositions. For exam-
ple, (123) can be done by swapping 1↔ 2 and then 2↔ 3. Suppose we
have a group with elements A,B,C. Then this cycle gives us

(ABC)→ (BAC)→ (CAB) (1)

Note that in the notation (123) means we swap the elements with labels
1,2,3 (in this example, A,B,C), not the locations. Thus the first swap is
between elements 1 and 2 (A and B), and the second swap is between 2 and
3 (B and C).

We can write, therefore

(123) = (12)(23) (2)

We see that this gives rise to a general rule for decomposing a cycle into a
sequence of transpositions. For a 3-cycle, we split it on its middle element,
so we have

(abc) = (ab)(bc) (3)

Longer cycles can be broken down the same way.

(abc . . .xyz) = (ab)(bc) . . .(xy)(yz) (4)

Example 1. Consider the sequence (ca)(cb)(ca). Applying the permuta-
tion to a set {A,B,C} we have

{A,B,C} (ca)−→ {C,B,A} (5)
(cb)−→ {B,C,A} (6)
(ca)−→ {B,A,C} (7)

We see that the result is equivalent to the transposition (ab).

EVEN AND ODD PERMUTATIONS

A permutation is odd if it decomposes into an odd number of transposi-
tions, and even if into an even number. Thus a single transposition is an odd
permutation, and a 3-cycle is even, because it can be written as the product
of two swaps. The identity I is even, since it has zero swaps and we take
zero to be an even number.
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si ai
I I

(12) (12)(45)
(13) (13)(45)
(23) (23)(45)

(123) = (12)(23) (123)
(132) = (13)(32) (132)

TABLE 1. Illustrating S3 ⊂ A5.

Every permutation group Sn has n! elements, half of which are even and
the other half odd. The alternating group An is the subgroup of Sn con-
taining only the even permutations. [We can’t define a subgroup containing
only the odd permutations, because a group must contain the identity, which
is an even permutation.]

An interesting theorem is:

Theorem 1. The permutation group Sn is a subgroup of the alternating
group An+2.

Proof. The elements of Sn are either even or odd. Every even element is,
by definition, already a member of An+2, since it consists of a permutation
of n elements, leaving the extra two elements in An+2 unchanged.

If si is an odd element of Sn, then it can be written as a product of an odd
number of swaps. This element can be mapped onto the element of An+2
with the same permutation of the n elements as in Sn, but with an extra
swap of the two elements not in Sn, thus converting si into an even element
ai ∈ An+2. Thus every element in Sn can be mapped into an element of
An+2, so Sn ⊂ An+2. �

Note that this mapping preserves the multiplication table of Sn, since the
product of two odd elements in Sn maps to the product of two even elements
in An+2, where the extra swap is of the two elements in An+2 that are not in
Sn. The product of two such elements contains the action of applying this
extra swap twice, which cancels it out. As this extra swap contains only
elements not in Sn, it commutes with every element in Sn.

Example 2. In particular, S3 ⊂ A5. The elements map as in Table 1.
The three odd permutations (rows 2 through 4) map to elements in A5

with an extra permutation of elements 4 and 5, which do not appear in S3.
The last two rows are already even permutations, so map directly to the
same elements in A5.
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